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Abstract. In this note, we study commutative Noetherian local rings having 
finitely generated modules of finite Gorenstein injective dimension. In partic- 
ular, we consider whether such rings are Cohen-Macaulay. 

1. Introduction 

Throughout this note, we assume that all rings are commutative and Noetherian. 
The following celebrated theorems, where the second one had been called Bass' 
conjecture, are obtained by virtue of the (Peskine-Szpiro) intersection theorem. 
For the details, see ^ Corollaries 9.4.6 and 9.6.2]. 

Theorem A. A local ring is Cohen-Macaulay if it admits a nonzero Cohen- 
Macaulay module of finite projective dimension. 

Theorem B. A local ring is Cohen-Macaulay if it admits a nonzero finitely gen- 
erated module of finite injective dimension. 

In the sixties, Auslander 1 introduced Gorenstein dimension (abbr. G- 
dimension) as a homological invariant for finitely generated modules, and developed 
its notion with Bridger [2]. This invariant is an analogue of projective dimension; 
any finitely generated module of finite projective dimension has finite G-dimension. 

Several decades later, Gorenstein projective dimension (abbr. G-projective di- 
mension) was defined as an extension of G-dimension to modules that are not nec- 
essarily finitely generated, and Gorenstein injective dimension (abbr. G-injective 
dimension) was defined as a dual version of G-projective dimension. The notions 
of these dimensions are based on the work of Enochs and Jenda .7,^. G-injective di- 
mension is a refinement of usual injective dimension in the sense that any module of 
finite injective dimension has finite G-injective dimension. So far these dimensions 
have been extended to complexes of modules. 

Now, it is natural to ask the following questions, which are generalizations of 
Theorem A and Theorem B respectively. 

Question A. Is a local ring Cohen-Macaulay if it admits a nonzero Cohen- 
Macaulay module of finite G-dimension? 

Question B. Is a local ring Cohen-Macaulay if it admits a nonzero finitely gener- 
ated module of finite G-injective dimension? 
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Both of these questions are presented in Christensen's book , while the second 
one is also found in 0. 

The author proved that Question A has an afhrmative answer for any local ring 
of type one: 

Theorem 1.1. 11, Theorem 2.3] The following are equivalent for a local ring R: 

(1) R is Gorenstein; 

(2) R admits an ideal I of finite G-dimension such that R/I is Gorenstein; 

(3) R admits a nonzero Gohen-Macaulay module of type one and of finite G- 
dimension; 

(4) R has type one and admits a nonzero Cohen- Macaulay module of finite 
G-dimension. 

In this note, we will consider Question B. The main theorems of this note are 
the following two theorems. 

Theorem 13.41 Let R be a local ring with a dualizing complex. Then for a nonzero 
finitely generated R-module M , there is an inequality 

dim M < Gid M. 

Theorem 13.51 Let R be a local ring with a dualizing complex, and let M be a 
nonzero finitely generated R-module of finite G-injective dimension. 

(1) If dim M = dimi?, then R is Gohen-Macaulay. 

(2) (i) // M is cyclic, then R has type one. 

(ii) Suppose that R has type one. If M is Gohen-Macaulay or depth M > 
depth i?, then R is Gorenstein. 

In the next section we will prepare some definitions and lemmas, and in the third 
(final) section wc will state and prove our results. 

2. Preliminaries 

In this section, we will write down only results to use later. Throughout this 
section, let R he a, local ring. In the following, an R-complex will mean a chain 
complex X = (■ • ■ ^i+i Xi Xi^i ■ ■ ■) of _R-modules, and a bounded 
i?-complex will mean a homologically bounded i?-complex, namely an i?-complex 
X such that Hi(X) = for any i ^ and i <C 0. An isomorphism of i?-complexes 
will mean an isomorphism in the derived category of the category of i?-modules. 

Definition 2.1. (2.3.2)] 

(1) We denote by Q{R) the class of all finitely generated i?- modules M satis- 
fying the following three conditions: 

(i) The natural homoniorphism AI — s- IIom/j(Hom/j(Af, i?), i?) is an iso- 
morphism; 

(ii) Ext'^(M, i?) = for any i > 0; 

(iii) Ext^(Homi?(M, R),R) = for any i > 0. 

(2) Let X be an i?-complex and n an integer. If there exists an f?-complex of 
this form 

A^iO^An^ An-l -> > A„,+ i A„, 0) 

which is isomorphic to X such that Ai g Q{R) for any i, then we say that 
X has G-dimension at most n and write Gdimfl X < n. 
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Let X be an i?-coniplex. If X = i.e. X is exact, then we set Gdim/? X = —oo. 
If Gdimij X < n for some integer n, then we say that X has finite G-dimension and 
write Gdiniij X < oo. If Gdim^ X ^ n for any integer n, then we say that X has 
infinite G-dimension and write Gdim^jX = oo. If Gdim^jX < n but Gdim^jX ^ 
n — 1, then we say that X has G-dimension n and write Gdim^jX = n. 

Lemma 2.2. (2.3.8)(2.3.13)]_3, 8.7] 

(1) The following are equivalent for a bounded R- complex X with finitely gen- 
erated homology: 

(i) Gdim_R X < oo; 

(ii) The complex RHomj^(X, i?) is bounded, and the natural homomor- 
phism X RHom7j(RHom/j(X, i?), i?) is an isomorphism. 

(2) Let X be a bounded R-complex with finitely generated homology. If 
Gdimj^ X < oo, then 

Gdimfi X = - inf RHomi^ (X, R) = depth R - depth X. 

(3) Let M be a finitely generated R-module. 

(i) For an M -regular element x £ i?, 

Gdimfl, M/xM = Gdimj^ M + 1. 

(ii) Let R S be a faithfully flat homomorphism of local rings. Then 

Gdims M (^rS ^ Gdim^ M. 

Definition 2.3. 5, (6.1.1)(6.2.2)] 

(1) An _R-module M is said to be G-injective if there exists an exact complex 

{_/ — (••• > L-2 '' L'l > t^O > <-^-l > • ■ ■ J 

of injective i?-modules with M ^ Ker((io) such that the complex 
Homii;(r, C) is also exact for any injective i?- module T. 

(2) Let X be an i?-complex and n an integer. If there exists an i?-complex of 
this form 

A = (0 ^ An A„,_i ^ > A_„+i ^ A_„ ^ 0) 

which is isomorphic to X such that Ai is G-injective for any i, then we say 
that X has G-injective dimension at most n and write Gid^ X < n. 

The conditions GiduX — — oo, Gid/f X < oo, Gidj^ X ~ oo, and Qid^ X = n 
are defined similarly to G-dimension. 

Lemma 2.4. (6.2.3)][i (2.12)(6.3)(6.4)] 

(1) For a bounded R-complex X , 

G\dR X < idn X. 

(2) Assume that R admits a dualizing complex D. 

(i) For a bounded R-complex X with finitely generated homology, 

Gidfl X<oo <^ GdimijRHomi^(X, £)) < oo. 

(ii) Let M be a nonzero finitely generated R-module of finite G-injective 
dimension. Then 

Gidn M = depth R. 
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3. Main theorems 

First of all, we remark that Theorem B implies Theorem A. Indeed, let R be 
a local ring and M a Cohen-Macaulay i?-module of finite projective dimension. 
Setting depth M — dimM — n, we have an M-sequence x ~ xi,X2, . . . ,a;„ in i? 
such that M/xM has finite length. Then since the i?-module M/xM also has 
finite projective dimension, the dual i?-module (MjxMY has finite length and 
finite injective dimension, where (— )^ denotes the Matlis dual over R. Hence it 
follows from Theorem B that R is Cohen-Macaulay. Thus Theorem B implies 
Theorem A. 

Similarly, we have the following. 

Proposition 3.1. // Question B has an affirmative answer, then so has Question 
A. 

Proof. Let i? be a local ring and M a Cohen-Macaulay i?-module of finite G- 
dimension. We want to show that R is Cohen-Macaulay under the assumption that 
Question B has an affirmative answer. Replacing R and M by their completions 
respectively, we may assume that R is complete; see Lemma r2.2f 3Vii^. Since M is 
Cohen-Macaulay i?- module, there exists an M-sequence x in R such that M/xM 
has finite length. Lemma [2.2( 3') fi) says that the i?-module M/xM has finite G- 
dimension. Replacing M by M/xM, we may assume that M has finite length 
and finite G-dimension. Note that RHom/j(M, D) is isomorphic to up to shift, 
where D is a dualizing complex of R. Hence, according to Lemma lT^ 2^ (\\ . has 
finite length and finite G-injective dimension. Since we are assuming that Question 
B has an affirmative answer, we conclude that R is Cohen-Macaulay, as desired. □ 

From now on, we will study Question B over a local ring admitting a dualizing 
complex, and prove the main theorems of this note. 

Let (_R, m, /c) be a local ring. We set d = dimi? and t = depth i?. Let D ~ 
(0 — > Do ^ -D-i ■ ■ ■ D-d — » 0) be a duafizing complex of R, where Di — 
©pGSpocii, dimfl/p=d+« Er{R/p). The local duality theorem yields miD = t-d. 

Let M ^ be a finitely generated i?-module with GidM < oo. Put 
X = RHomij(M,L»). Lemma |Tlj2)(i) implies Gdim X < oo. Since depth X = 
depth!? — d hy ^ (A. 6. 4)], we have inf RHomi^(X, i?) = d — t hy Lemma 
Tn}l2). Since RHomi?,(X, i?) ^ miom.R{D , M) , we have sup RHomfl(X, i?) = 
supRHomi?(i:),M) < d - t by (A.4.6.1)]. Hence sup RHomfl.(X, i?) = 
inf RHomii(X,i?) = d - t. Setting N = Hd-t(RHomfl,(X, i?)), we get 
RHomfl(X, R)'^N[d-t]. Lemma ICTL) implies 

(3.1) GdimiV<oo. 

Noting that N = Hc;_4(RHomij(_D, M)) and inf D = t — d, we obtain 

(3.2) N^RomRiRt-d{D),M). 

Remark 3.2. In the above part, we constructed the complex RHom;j(I?,M) of 
finite G-dimension from a module M of finite G-injective dimension. A deeper 
investigation in connection with this fact has been made by Foxby; he has given an 
equivalence between the Auslander class and the Bass class, which are certain full 
subcategories of the category of complexes. This equivalence is said to be Foxby 
equivalence. For the definition and the properties, see Section 3.3]. 
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Lemma 3.3. With the notation introduced above, 

depth A/ = depth iV < dhxiiV < dimM < t. 

Proof. By 5, (A.8.5.1), (A.8.5.2)] wegetinf X = depth Af-d and sup X = dimAf- 
d. Note that RHonii^(7V, i?) = X[d - t]. By and Lemma [221 2) we obtain 

t - depth iV = Gdim = - inf RHom^ (iV, R) = - M X - {d - t) = t - depth Af, 
and < grade = — sup RHom/;(A^, R) = — supX — {d — t) = t — dimAf. Hence 
depth A^ = depth Af and dimAf < t. On the other hand, since SuppA^ C SuppAf 
by (|3.2(l . we have dimA^ < dimAf. Thus the proof of the lemma is completed. □ 

Let i? be a local ring and M a nonzero finitely generated i?-module. Then it is 
well-known that there is an inequality 

dim M < id M. 

(For the proof, see 01 Theorem 3.1.17].) Combining Lemma 13.31 with Lemma 
I2.4r 2')fii') extends this formula of injective dimension to that of G-injective dimen- 
sion. 

Theorem 3.4. Let R be a local ring with a dualizing complex. Then for a nonzero 
finitely generated R-module M , there is an inequality 

dim M < Gid M. 

Recall that the type of a finitely generated module M over a local ring R with 
residue field k is defined to be the dimension of the fc- vector space Ext^(fc, M) 
where t = depth^A^. Using Lemma |3.3I again, we can give a result with relation 
to Question B in the first section of this note: 

Theorem 3.5. Let R be a local ring with a dualizing complex, and let M be a 
nonzero finitely generated R-module of finite G-injective dimension. 

(1) If dimM ~ dimi?, then R is Cohen- Macaulay. 

(2) (i) // Af is cyclic, then R has type one. 

(ii) Suppose that R has type one. If M is Cohen- Macaulay or depth M > 
depth i?, then R is Gorenstein. 

Proof. (1) This assertion immediately follows from Lemma 13.31 
(2) We use the same notation as in the first part of this section. 

(i) Set Y = TLRom ji{X , R) . Using Lemma [2. 2^ . we get isomorphisms 

RHomij(Af,A:)[-d] RHomfl(fc,A:) ^ RHomij(y, RHomfl,(fc, i?)). 

Since Af is cyclic, comparing the (— (f)th homology modules, we obtain k = 
Ext^(fc,f?) (cf. 5, (A.4.6)]). This says that R has type one. 

(ii) It follows from Lcmma lTSl and (|3.1|l that A^ is a Cohen-Macaulay f?-module of 
finite G-dimension. Since R has type one, Theorem ll . ll implies that R is Gorenstein. 

□ 

Corollary 3.6. Let R be a local ring of type one with a dualizing complex. If there 
is a finitely generated G-injective R-module, then R is Artinian Gorenstein. 

Proof. Let Af be a finitely generated G-injective f?-module. Since Gid Af = 0, we 
have depth f? = by Lemma [2.41^ 2) . Therefore Theorem 13 .?X 2') implies that 
R is Gorenstein, and dimf? = depth f? = 0. □ 
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Holm jSl Theorem 2.1] proved that any ring of finite G-injective dimension is 
Gorenstein. Letting M = i? in Theorem 13. 5f 2). we get his theorem for a local ring 
with a dualizing complex: 

Corollary 3.7 (Holm). Let R be a local ring with a dualizing complex. IfGidR < 
oo, then R is Gorenstein. 

Peskine and Szpiro ^3 Chapitre H, Theoreme (5.5)] proved that a local ring is 
Gorenstein if it has a nonzero cyclic module of finite injective dimension. Taking 
Lemma I2.4r i') and the above results into account, we end this note by stating a 
conjecture. 

Conjecture 3.8. Let i? be a local ring. If there exists a nonzero cyclic i?-module 
M of finite G-injective dimension, then R is Gorenstein. 

Acknowledgments. The author would like to thank an anonymous referee for 
careful reading and helpful comments. 
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